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Abstract 

A general two dimensional fractional supersymmetric conformal field the- 
ory is investigated. The structure of the symmetries of the theory is 
studied. Then, applying the generators of the closed subalgebra gener- 
ated by (L_i, Lo, G-i/s) and (L-i, Lo, G^i/a), the two point functions of 
the component fields of supermultiplets are calculated. 
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1 Introduction 



2D conformally invariant field theories have become the subject of intense in- 
vestigation in recent years, after the work of Belavin, Polyakov, and Zamolod- 
chikov [1]. One of the main reasons for this, is that 2D conformal field theories 
describe the critical behaviour of two dimensional statistical models [2-5]. Con- 
formal field theory provides us with a simple and powerful means of calculating 
the critical exponents, as well as, the correlation hmctions of the theory at the 
critical point [1,6]. Another application of conformal field theories is in string 
theories. Originally, string theory was formulated in flat twenty six dimensional 
space-time for bosonic- and flat ten dimensional space-time for supersymmetric- 
theories. It has been realized now that the central part of string theory is a 2D 
conformally-invariant field theory. It is also seen that tree level string ampli- 
tudes may be expressed in terms of correlation functions of the corresponding 
conformal field theory on the plane, whereas string loop amplitudes may be 
expressed in terms of correlation functions of the same conformal field theory 
on higher genus Riemann surfaces [7-10]. 

Supersymmtry is a Z2 extension of the Poincare algebra [11,12]. But this 
can be enlarged, to a superconformal algebra for example [13]. If the dimension 
of the space-time is two, there are also fractional supersymmetric extensions of 
the Poincare and conformal algebra [14-17]. Fractional supersymmetry is a 
extension of the Poincare algebra. 

In this paper, the special case n = 3 is considered. So the components of the 
superfield have grades 0, 1, and 2. The complex plane is extended by introducing 
two independent paragrassmann variables Q and ^, satisfying Q"^ = W' = 0. One 
can develop an algebra, the fractional n = 3 algebra, based on these variables 
and their derivatives [18-20]. In [21,22], this fractional supersymmetry has been 
investigated by introducing a certain fractional superconformal action. We don't 
consider any special action here. What we do, is to use only the structure of 
fractional superconformal symmetry in order to obtain general restrictions on 
the two-point functions. The scheme of the paper is the following. In section 
2, infinitesimal superconformal transformations are defined. In section 3, the 
generators of these transformation and their algebra are investigated. In section 
4, the two-point functions of such theories are obtained. Finally, section 5 
contains the concluding remarks. 
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2 Infinitesimal superconformal transformations 

Consider a paragrassmann variable 6, satisfying 

= 0. (1) 

A function of a complex variable z, and this paragrassmann variable, will be of 
the form 

f{z,e) = fo{z) + eMz) + o^h{z). (2) 

Now define the covariant derivatives as [16,18,23,24] 

D:=de- qe^d,, (3) 
where q is one of the third roots of unity, not equal to one, and 8$ satisfies 

dee = l + qede. (4) 

An infinitesimal transformation 

Z' = Z+ijQ{z)+9iJl{z)+e'^i02{z) 

e' = 9 + eo{z)+eei{z) + e''e2{z) (5) 
is called superconformal if 

D = {D0')D' (6) 

where 

D' = do' - qO'^d,, (7) 

From these, it is found that an infinitesimal superconformal transformation is 
of the form 

0' = e + eo{z) + rOuj'o{z)+0^e2iz), 

z' = z + u;oiz)-qO'^eo{z), (8) 

where ^0(2:) := dzLJo{z). It is also seen that the following commutative relations 
hold. 

€26 = q6€2, 

eoe = qOeo. (9) 

One can extend these naturally to functions of z and z, and 6 and 6 (full 
functions instead of chiral ones). It is sufficient to define a covariant derivative 
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for the pair {z,6), the analogue of (3), and extend the transformations (5), 
so that there are similar transformations for {z,9) as well. Then, defining a 
superconformal transformation as one satisfying (6) and its analogue for {z,S), 
one obtains, in addition to (8) and (9), similar expressions where {z,9,LV,e) are 
simply replaced by (z, 9, a), e). So, the superconformal transformations consist of 
two distinct class of transformations, the holomorphic and the antiholomorphic, 
that do not talk to each other. 

3 Generators of superconformal field theory 

The (chiral) superfield <j){9, z) with the expansion [24] 

<i){9,z) = ipo{z) + 9^^{z)+9''^2{z) (10) 

is a super-primaryfield of weight A if it transforms under a superconformal 
transformations as 

cl,{9,z)^{D9'f''<i>{9',z') (11) 

One can write this as 

ci>{9, z)^[l+ f{wo) + S{eo) + H{t2)](t>{9, z), (12) 



to arrive at [18] 



T(wo) = wo^z + ( A + ^ ) c^o. 



3 

%o) = e^{5g-qH^d,)-il^q\'^9\ 
H{e2) = qe2i9^de-A9). (13) 

Here A and 6$ are operators satisfying 

[A,^] = l, (14) 

and 

5g9 = q-^9Sg + 1, (15) 

respectively. 

One can now define the generators 

Z„ := f(^"+i), 

gr := S{z^+'/% (16) 
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where n and r + 1/3 arc integers. The generators of superconformal transfor- 
mations are defined througli 



[Ln,<j>{9,z)] := 

[Gr,^{e,z)] := gr(P. (17) 

One can check that, apart from a possible central extension, these generators 
satisfy the following relations. 

[Ln, Lm] = [n- m)Ln+m, (18) 

[Ln,Gr] = [^-r)Gn+r, (19) 

and 

GrGgGt + five other permutations of the indices = 6ir+s+t- (20) 

This algebra, which contains the Virasoro algebra (18) as a subalgebra, has 
nontrivial central extensions. It is shown [16,25] that there is only one subalgera 
(containing G-generators as well as Xyj's), the central extension for which is 
trivial. This algebra is the one generated by {L-i, Lq, G-ij^}. Note that if one 
excludes G^'s, there exists another subalgebra generated by {L-i,Lq,Li\, the 
central extension of which is trivial. Also note that we have not included the 
generators corresponding to H in the algebra. The reason is that there is no 
closed subalgebra, with a trivial central extension, containing these generators 
[16,25]. 

Now we have the effects of L„'s and G^-'s on the superfield. It is not difficult 
to obtain their effect on the component fields. For i^'s, the first equation of 
(17) leads directly to 

[L„, <Afc(^)] = z^+^d,<i>k + (n + l)z^ (a + f] ct>k- (21) 



This shows that the component field (t>k is simply a primary field with the weight 
A + A;/3. One can also write (21) in terms of operator product expansion; 

„(rw^,(.)].^ + (^±iZ^, (22) 

w — z [w - zY 

where denotes the radial ordering and T{z) is the holomorphic part of the 
energy-momentum tensor: 

^(-) = E^- (23) 
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For Gr's, a little more care is needed. One defines a x-commutator as [26] 



[A,B]^ ■.= AB-xBA. 



It is easy to see that 



[A,BB'\ 



XX' 



[A,B]^B' + xB[A,B'] 



x' ■ 



Now, if we use 



[G,0], = 0, 
then the second equation of leads to 



(24) 

(25) 
(26) 



[Gr,0i(z)]^ 



-1 = -Z'^'^^<\>2. 



(27) 



This can also be written in terms of the operator-product expansion. To do this, 
however, one should first define a proper radial ordering for the supersymmetry 
generator and the component fields. Defining 



n[S{w)Mz)] 



S{w)(j)k{z), \w\ > \z\ 
q-''<pk{z)S{w), \w\ < \z\ 



where 



one is led to 



(28) 
(29) 



n[s{w)Mz)] 
n[s{w)Mz)] 
n[siw)Mz)] 



4>i{z) 

w — z' 

Mz) 

w — z' 

dMz) 3AMz) 



w ~ z {w — zy 



(30) 



What we really use to restrict the correlation functions is that part of the 
algebra the central extension of which is trivial, that is, the algebra generated 
by {i_i,Lo,G_i/3}. 
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4 Two— point functions 



The two-point functions should be invariant under the action of the subalgebra 
generated by {L_i, Lo,G_i/3}. This means 

(0|[L_i,<^fe</.;,]|0) = 0, (31) 
(O|[Lo,0fc</'fe']|O) = 0, (32) 
{0\[G_ys,<PM,-.-,.'\0) = 0. (33) 

Here we have used the shorthand notation cjyk = 4'k{z) and (/>^, = (p'i.,{z'). (p and 
(p' arc primary superfields of weight A and A', respectively. Equations (31) and 
(32) imply that 

This is simply due to the fact that (j)k and (p'f,, arc primary fields of the weight 
A + fc/3 and A' + fc'/3, respectively. Note that it is not required that these 
weights be equal to each other, since we have not included Li in the subalgebra. 
(33) relates Ak^^k^ with Ak^^ki,, if 

fci + k[ - (fc2 + /ca) = 0, mod 3. (35) 

Therefore, there remains 3 independent constants in the 9 correlation functions. 
Correlation functions of grade 0: 
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/.i ^/V A r A A + A' 

(<^l(/)2) := Ao/l,2 = Ao ^^_ ^,^A+A' + l ' 

{ct>2ct>[) := Aof2,i = Ao ~ff^^_^^'l , (36) 



those of grade one: 



{cPicP'o) := Al/l,0 = ^1 _ ^/)A + A' + l/3 ' 

Ur^'\ A f A g^(A + A- + l/3) 



and those of grade two: 

{(pQ(l)2) := ^2/0,2 



■(2_2/)A+A'+2/3' 
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{<j)2(l)'o) ■■= ^2/2,0 = ^2 



(2 _ ^/)A+A'+2/3' 

(^^ „ ^/^A+A'+2/3 ■ 



(38) 



It is easy to check that adding ii to the subalgebra triviahzes the correlation 
functions. The reason is that in ah of the correlation sets (of the same grade) 
there exists at least one correlation function the weights of its primary fields are 
not equal to each other, regardless of the values of A and A'. In fact, acting 
on {(f)k4''k') by G-1/3 relates {^k+i(t>'k') to (</>fc0fc/_|_i)- And it is impossible that 
both 

A + 1/3 = A', modi (39) 

and 

A = A' + 1/3, modi (40) 

hold. This shows that either {<l)k+i4''k') i'Pk'P'k'+i) zero, and so the other 
should be zero as well. 

So far, everything has been calculated for the chiral fields. Let us generalize 

this no the full fields. The generalization is not difficult. One introduces com- 
ponent fields d>i^^{z,z) which have the following properties. The action of the 
energy-momentum generators on these component fields is 



[L.,(/.fes(^,^)] = ^"+^S,-<^fefe + (n+l)z" A + 



i^kk- 



(41) 



While there are generators of the supersymmetry which act like 



[Gr,((>0k{z,z)]g--k 
[Gr,<l>lk{z,z)]g-i--k 

[Gr,(j)2k{z,z)]g-2--k 



r+l, 

z-+'/^d,<l>o-k + 



r+-^z 



r-2/3 



(3A)<^, 



(42) 



and 



[Gr,(l>koiz,z)]q-k 
[Gr,(j)kl{z,z)]g-k-i 

[Gr,(f>k2{z,z)]g-k-2 



=r-2/3 



(3A)</., 



feO 



.(43) 
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The equations to be satisfied by the two-point functions are 

(0|[L_i(Z_i),(^,fffl;,S,]|0) = 0, 
(O|[Lo(Zo),0fefe0;,p]lO) = O, 

(0|[G_i/3(G_i/3), .^.s^'fe'],---'-' |0) = 0- (44) 
Once again, the first two sets of equations simply imply that 

^kk k'k' 

{4>kk4>k'k') = _ _j,/-jA+A' + (/c+fc')/3(^ _ ^')A+A' + (fc+fc')/3 ■ ^^^^ 

The third set of equations relate A/^^/^^ i^i^^ to ^k2k2,k'2k2^ provided 

ki + k[- {k2 + k'2) =ki+ k[ - ih + k'2) = 0, mod 3. (46) 

So, there remains nine arbitrary constants in these correlation functions. One 
can write the correlations in terms of the correlations of the chiral fields. To see 
this, notice that 

(O|[G-i/3,</'fcfc0fc/fc/]g-'=-s|O) = Ok{(l)(^k+i)k'P'k'k') + ^~''~'''^k'{'Pkk<t>[k'+l)k')■ 
{A7) 

Here Ok and Oj., are coefficients (or derivatives) which depend only on k and k', 
respectively. The right-hand should of course be; zero, diic' to the supersymmetry 
of the theory. The corresponding equation for chiral correlations differs from 
this, only in the coefficient q~^~^ . For the chiral correlations, this coefficient 
is simply g^*^. But it is easy to check that the set q''^ {4>kk4>'kiki) satisfies the 
same equations of the chiral correlations. It is also easy to see that this same set 
satisfy the same equations of the antichiral correlations as well. So, the general 
solution for the full correlations is 

Mk'-k') = AKKQ-''~^fk,k'{z - z')h-k,{z - z'), (48) 

where fk,k''s are defined through (36)-(38), ^./'s are the same as these with 
A ^ A and A' ^ A', 

K = k + k', mod 3, (49) 

and 

K = k + k', mod 3. (50) 
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5 Concluding remarks 



Wc considered fractional superconformal field theories only through the general 
symmetries of such theories. For the special case of three component fields in the 
superfield, the two-point functions were obtained. In fractional superconformal 
field theories, one cannot impose the symmetries generated by Li and Li as non 
anomalous symmetries. Otherwise, the whole theory becomes trivial. This is 
due to the fact that the fractional supersymmctry generator changes the weight 
of the fields by 1/3 (or 1// if there are / component fields in the superfield). 
So, two two-point functions will be related to each other, and the difference 
between the weights of the fields of one correlation is 2// greater than the 
difference between the weights of the fields of the other correlation. As the 
symmetry generated by Li requires the weights of the fields in nonzero two- 
point functions be equal to each other, at Ic^ast one of these correlations will 
be zero, and this forces the other to be zero as well. One can also see that 
the theory becomes trivial, through the fact that adding Li to the subalgebra 
generated by Lq, G_i/3} brings all of the generators of the superconformal 
theory to the algebra. 

As Li is not in the non anomalous symmetry generators, the component 
fields don't enjoy the full conformal symmetry (that is the sl{2) symmetry gen- 
erated by {L-i,Lo,Li}). So, the three-point functions cannot be determined 
up to only constants; there remains unknown functions in them. In fact one 
has lost the special conformal transformations as non anomalous symmetries, 
and the symmetries of the theory, apart from the supersymmetry, are just the 
space-time symmetries plus dilation. 
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